Abstract. Within the framework of the scalar-tensor theory we consider a hill-climbing inflation, in which the effective Planck mass increases in time. We obtain the Einstein frame potential with infinitely long and flat plateau as we approach towards the strong coupling regime, together with a run-away vacuum in the GR limit of the theory. The inflation ends with the scalar field rolling down towards infinity, which at the effective level indicates the massless scalar field domination in the Universe. In this scheme we assume that the inflaton is a dark particle, which has no couplings to the Standard Model degrees of freedom (other than the gravitational ones). We discuss the gravitational reheating of the Universe together with its implications on the predictions of the model, including possible amplification of primordial gravitational waves. Our model for the first time realizes explicitly the enhancement of the primordial gravitational waves in the dark inflation scenario.
Introduction
The cosmic inflation [1] is a hypothetical era in the evolution of the early Universe characterised by the accelerated expansion of space; see Ref. [2] for a review. It can be responsible for diluting unwanted relics [3] and for solving problems of horizon and curvature [4] , as well as for the generation of primordial inhomogeneities, which are the seeds of the present large scale structure of the Universe. Inflation seems to be perfectly consistent with observational data [5] and regardless of some issues [6] (see Ref. [7] for an opposite point of view) the inflationary paradigm have become a canonical theoretical framework for the analysis of the evolution of the early Universe.
Inflation is usually generated by scalar fields with flat potentials or by some modification of general relativity (GR). In the latter case, one of the most prevailing theories that generate primordial accelerated expansion are the scalar-tensor theories [8] [9] [10] [11] [12] , for which the Ricci scalar is directly coupled to a function F of a Jordan frame scalar field φ J . Usually one assumes that F tends to be much bigger than 1 during inflation, which leads effectively to weaker gravity and inflation. The other approach is to consider F 1, which pushes the model towards the strong coupling regime for the gravity. As shown in Refs. [13] [14] [15] , while F is growing, the field φ J may go uphill on its potential and still generate inflation, which is called the hill-climbing inflation.
In this paper we explore the idea that the inflation could be generated by a hill-climbing field from the dark sector, in which fields (possibly accounting for dark energy and dark matter) do not have direct couplings with the Standard Model (SM) fields other than the gravitational ones. We assume that it is protected by some symmetries or any other mechanism that would prevent it from decay into the SM degrees of freedom. Such an inflaton would not have any coupling besides the gravitational one to other fields. We will show that this idea is consistent with the gravitational reheating scenario [16] and it can be fully consistent with the current observational data. Gravitational reheating is based on the observation that even if the inflaton is a dark field, one can still reheat the Universe via the gravitational coupling between the dark and SM sectors. This coupling cannot be fully screened and it inevitably 
One can see the inflationary plateau and the steep slope, which will be the source of the kinaton domination.
produces scalar particles at the end of inflation. The aim of this paper is to present the concrete physical realization of dark inflation within the scalar-tensor theory framework.
Throughout the paper we will use the convention 8πG = M −2 p , where M p = 2.435×10 18 GeV is the reduced Planck mass.
The structure of the paper goes as follows: In Sec. 2 we consider the background evolution of the hill-climbing inflation. In Sec. 3 we discuss the gravitational reheating in this theory. In Sec. 4 we present the features of the primordial inhomogeneities produced during inflation, together with the constrains from the observational data.
Hill-climbing inflation
We start from the action of a scalar-tensor theory
where φ J and V J are the Jordan frame (Jordan frame) inflaton field and the potential, respectively, and F is a function that defines the non-minimal coupling to gravity. Let us consider the following forms of F and V J :
where M V , m, and M F have a dimension of mass. For φ J = 0 one obtains F = 0, which is the strong coupling limit for the gravity. For φ J < 0 one finds F < 0, which is the repulsive gravity regime. Therefore we will restrict our analysis to φ J > 0. In the φ J M F limit one obtains F → 1, which restores GR. The Jordan frame potential has been presented in the left panel of Fig. 1 . It has two vacua-one in φ J = 0 and a run-away vacuum in φ J → ∞.
The model presented by us is rather phenomenological. We have chosen forms of the potential and a function of non-minimal coupling in order to obtain an inflationary plateau and a kinaton phase after inflation. Nevertheless the model could be embedded in more fundamental theories. For instance, we note that the exponential runaway potential naturally arises from string theory; see e.g. Ref. [17, 18] .
Alike any other scalar-tensor theory, our model can be expressed in the Einstein frame, which is defined by the Weyl rescaling
Then, one obtains the Einstein frame action of the form of
where R E is the Einstein frame Ricci scalar. Note that in the Einstein frame one restores the action of a scalar field with a minimal coupling to gravity. The φ E in the Einstein frame inflaton reads
where
The V E is the Einstein frame potential defined by
For models with F 1, such as e.g. ξ-attractors, one obtains a flat plateau of V E for big values of V J , i.e. when V J → F 2 . In our model we investigate a different approach. We consider small values of F and V J in order to obtain a constant value of the Einstein frame potential in the small field limit, defined by φ J M F , M V . Then one finds
which gives the following Einstein frame potential
Here we assume the following:
• The starting value of φ J is small and positive.
• The following relation holds:
so that the field increase its value over time in order not to evolve towards F = 0, which is the strong coupling limit of the theory.
• Initially,φ J is not to negative so that the universe does not go into the repulsive gravity regime.
In the same small φ J limit one finds
, which is the strong coupling limit of the theory. In such a case one can estimate φ E to be
From Eq. (2.8) one can see that the Einstein frame potential obtains a constant value in the small field limit. In the Einstein frame, φ J = 0, i.e. the strong coupling limit of the theory, corresponds to φ E = −∞. The Einstein frame field is therefore always infinitely far from the region, where gravity becomes non-perturbative. The form of the Jordan frame potential and the chosen form of F are fitted to satisfy the V E → const limit for φ J → 0. From Eq. (2.5), we see that φ E → ∞ corresponds to φ J → ∞, which is the GR limit of the theory. From Eqs. (2.8) and (2.11) one finds
which is a Starobinsky-like model. It would be interesting to investigate loop corrections to model, especially in the φ J → 0 limit. Note that the loop corrections to the Einstein frame potential may spoil the perfect flatness of the plateau in the strong coupling limit. Nevertheless, this should not influence the results presented in this paper. We are considering the evolution of the field at the last (i.e. observable) stage of inflation, which is rather far from the strong coupling limit (corresponding to φ E → −∞). In fact the loop corrections may play a useful role in the context of avoiding the eternal inflation, which happens when the field starts its evolution at the extremely flat part of the potential. This issue will be studied in our further work. 1 Note that the case of M V = M F also gives inflationary solution. Then Eq. (2.8) takes form of
Another interesting case is the M V φ E M F limit. It can be obtained for a strong hierarchy between mass scales M F and M V . In such a case Eq. (2.11) still holds, but one cannot consider φ J /M V to be a small parameter. The Einstein frame potential takes the form
(2.14)
This limit corresponds to the dark blue line in Figs. 3 and 4.
The Einstein frame slow-roll parameters are defined by We have assumed initial domination of the kinetic term in order to show that for many trajectories this shouldn't spoil the inflation. After reaching w = −1 the inflaton starts deviating more from the perfect de-Sitter, which finishes with w = 1, which is the equation of state for a massless scalar field.
In the φ J M F , M V limit one finds 16) which generally shows that in the small field limit one should expect |η|. In the case of M F = M V one obtains
Since we have assumed that φ J M F , M V one should expect rather small values of for both, M F M V and M F M V . Nevertheless, from Eqs. (2.16) and (2.17) one can see that the slow-roll parameters should be much smaller in the M V → M F case. Due to the normalization of inhomogeneities the tensor-to-scalar ratio r = 16 is proportional to the value of the potential at the pivot scale. Thus, for M V → M F , the scale of inflation should become smaller than in the M F M V case. The Jordan frame and Einstein frame potentials have been plotted in Fig. 1 . One can see that the Einstein frame potential obtains a steep slope shortly after the plateau.
Another useful limit to consider is the other side of a local maximum of the potential. While the field is rolling down towards the runaway vacuum one finds φ J M F , M V . This can be approximated by the φ J → ∞ limit, 2 which gives 18) which is perfectly consistent with the predictions of the Einstein frame exponential potential. For M V > M p one could obtain another phase of an accelerated expansion. Nevertheless, we are rather interested in the M V < M p regime, which provides decelerated expansion of the post-inflationary Universe. In particular the post-inflationary evolution of an inflaton may strongly resemble a massless scalar field with the equation of state ρ p (as shown in Fig. 2) . In Sec. 3 we will show how such a steep post-inflationary potential and rapid decrease of inflaton's energy density may be used in the context of gravitational reheating.
Reheating
As mentioned, inflation generates quasi-de Sitter expansion of the Universe, with very slow redshift of the inflaton's energy density. This leads to a strong suppression of energy densities of all other fields and matter components, including radiation. Since the radiation domination is required at the scale of Big Bang nucleosynthesis (BBN) [21] , one needs to include a mechanism of the reheating of the Universe after inflation. The reheating is usually equivalent to some particle production mechanism, which in most cases comes from direct couplings of the inflation to the SM fields.
It is possible that the dark matter as well as the dark energy belongs to what-we-call the dark sector (coupled to others only via gravitation), given especially the recent fast development of the dark matter experiments, which put severer and severer upper bound on the dark matter coupling to the SM fields; see Ref. [22] for the latest. Under this circumstance, it is tempting to consider that the dark sector plays crucial role in the inflationary era or in other periods of the evolution of the Universe before the BBN. In this paper we assume that the inflaton itself is a dark field. In such a case the only mechanism of reheating is the gravitational particle production [16, [23] [24] [25] [26] [27] [28] , which is restricted to the production of scalar fields. Note that fermions and vectors may also be produced during the transition between two gravitational vacua. Nevertheless, energy densities related to them are too small to significantly contribute to the reheating of the Universe [29, 30] .
We emphasize that this mechanism should always produce particles at the end of inflation. It is usually neglected in the analysis of the post-inflationary Universe, since direct couplings to other fields provide much more efficient mechanism of the production of relativistic degrees of freedom. The fact that the gravitational reheating is always present at the end of inflation is an additional theoretical motivation for our work. We do not need to assume any new physics that would describe interactions between SM fields and the inflaton in order to explain the radiation domination. Furthermore, we avoid possible loop corrections (caused by interactions of the inflaton with other fields) to the inflationary potential that could in principle change the flatness of the potential and therefore change the predictions of given inflationary model [12] .
As shown in [16] a rapid transition between the de-Sitter spacetime and a Universe filled with a perfect fluid with a constant barotropic parameter w generates the following energy density of radiation 3
where H inf is a Hubble parameter during inflation, a end is a scale factor at the end of inflation, N is the number of scalar species produced gravitationally, and ξ is a value of a direct coupling of a produced scalar field χ to the Ricci scalar of the form of ξχ 2 R. Thus, the gravitational particle production can be strongly suppressed by the non-minimal coupling close to the conformal value. The (1 − 6ξ) 2 factor was introduced by Ford in [23] . The analysis was restricted to rather small values of ξ and therefore it's a non-trivial question how big values of ξ amplify gravitational particle production. The value of N can be ass small as N = 4 in the case of SM or much bigger, 4 like N ∼ 100 in the case of SUSY. As expected, produced radiation redshifts like a −4 .
In fact H inf can be also estimated as a Hubble parameter at the end of inflation, since for many models consistent with the data, such as Starobinsky inflation [1] , (critical) Higgs inflation [31] [32] [33] [34] [35] , α-attractors [36] [37] [38] , ξ-attractors and other scalar-tensor theories [9, 10, 39] etc., scale of inflationary plateau is very close to the scale of the end of inflation. This approximation works perfectly well in our model, since H inf is limited from above by the scale of the plateau.
Note that at the end of inflation one finds
This inequality is trivially satisfied since H inf is limited from above by around 8×10 13 GeV ∼ 3 × 10 −5 M p , which comes from the upper bound on the tensor-to-scalar ratio r < 0.09 (95% C.L.) [5] . That is, the gravitational reheating is so inefficient that one obtains a domination of the inflaton field at the end of inflation. On the other hand we know from the BBN constrains [21] that the Universe needs to be dominated by the SM radiation at the MeV scale. We have assumed that the inflaton is a dark particle and therefore it cannot dissipate into radiation by a direct coupling. Therefore, the only chance to obtain radiation domination is to have a quickly red-shifting of inflaton's energy density in between inflation and the BBN era.
From the continuity equation for the perfect fluid with a constant barotropic parameter, one finds
where ρ i is an energy density associated with given w i . Radiation redshifts like a −4 , which corresponds to w = 1/3. Therefore in order to obtain radiation domination in late times one needs w > 1/3 for the inflaton's energy density after inflation. This may be obtained for e.g. oscillating scalar field [23] or massless scalar field [24, [40] [41] [42] [43] . The latter case may be realized also for a field with a very steep potential, for which the kinetic term dominates over the potential one [25] . Our potential has been designed in this way, to naturally satisfy the w > 1/3 condition. As mentioned in Sec. 2 one finds w = 1 for any M V < M p , which is rather natural assumption to make. For w = 1 the energy density of the inflaton redshifts much faster than radiation and therefore the gravitational reheating can be applied in our model.
Primordial inhomogeneities and implications of dark inflation on cosmological evolution
All variables given in this section will be defined in the Einstein frame. For the minimally coupled scalar field one finds within the slow-roll approximation the following values of the tensor-to-scalar ratio and of the scalar spectral index n s :
In order to compare the results with the PLANCK/BICEP data one needs to set r and n s at the pivot scale. In the standard inflationary scenario the scale of reheating is determined by the exact forms of couplings between the inflaton and other fields. The couplings are often independent of the model of inflation, and the scale of reheating may vary from the MeV scale up to the GUT scale, which is the maximal scale of inflation. In the case of dark inflation the reheating (understood as the beginning the the radiation domination era) is set by the scale of inflation and therefore one can reduce the uncertainty on the scale of reheating and therefore on N . In [16] it has been proven that for the gravitational reheating one finds
In [16] we have presented N for wide range of N and w with a conclusion that in the case of dark inflation the pivot scale should leave the horizon around N 65. The result can be additionally decreased by 1 or less even if the scale of inflation at the pivot scale is much bigger than the one at the end of inflation.
In Figs. 3 and 4 we present the results at the (n s , r) plane for N = 65. We consider a wade range of parameters M F and M V . As expected, the result seems to coincide with the Starobisnky inflation for M F M V . Note that in most cases the result depend on the ratio between M F and M V rather than on M F itself. In Fig. 4 , the result for the Starobinsky inflation has also been presented for, as usual, N ∈ (50, 60) by the (orange) dashed line.
The primordial metric perturbations produced during inflation consist of scalar and tensor components. The latter ones have flat inflationary power spectrum, which is usually too small to be measured by future gravitational waves experiments. Nevertheless, as shown in Ref. [16] , the contribution of the primordial gravitational waves to the total energy density of the Universe can be enhanced if the gravitational reheating in very inefficient, which is equivalent to the condition N(1 − 6ξ) 2 1, where the non-minimal coupling of produced scalars are close to the conformal value ξ = 1/6.
The enhancement of Ω GW occurs during the kinaton domination regime in which the energy density is dominated by the kinetic energy of a scalar. Then the energy density of GW redshifts as ∝ a −4 and the energy density of the Universe redshifts as ∝ a −6 due to the kinaton domination. Therefore Ω GW ∝ a 2 . The period of enhancement is stronger if the era of the kinaton domination last longer, which is the case if the initial ratio of radiation to inflaton is smaller. This ratio can be decreased either by decreasing the scale of inflation or by taking ξ to be close to the conformal value of ξ. In the first case one would also decrease the hierarchy between the scale of inflation and BBN, which would give less time for the kinaton domination, and there is not enough room for the GW enhancement.
In our model, the scale of inflation is close to the Starobinsky model. In particular H inf is close to
which is the case already analyzed in the Ref. [16] . The only way to elongate the kinaton domination phase (which leads to the longer period of the primordial GW enhancement) is to make the gravitational reheating even less efficient than usual by tuning ξ 1/6. As shown in Fig. 6 in Ref. [16] , one can tune the value of ξ for almost any scale of dark inflation and still obtain the enhancement of Ω GW . Let us stress that the enhancement of GW is not compulsory for dark inflation's existence or consistency with the experimental data. Without fine tuning of ξ one can still generate enough e-folds and correct forms of primordial power spectra. We are only pointing out a possible characteristic signal of the model, observation of which would strongly indicate the existence of dark inflation. We note that all the other realization of the dark inflation with the gravitational reheating with w = 1 also give the same enhancement of the primordial GW.
As shown in Fig. 6 in Ref. [16] the value of the contrast function of primordial gravitational waves Ω GW enables future detection for N eff ≡ N(1 − 6ξ) 2 10 −4 , which gives 
could be measured by DECIGO and BBO [44] .
Since the inflaton in our model belongs to the dark sector, it can naturally be a source of dark matter [45] . Furthermore, the dark inflation can also be responsible for the change of the DM relic density abundance, due to the long period of the inflaton domination after inflation. Such a non-standard thermal history of the Universe has a strong influence on the freeze-out scale of any produced particles, which is defined by the relation Γ = H, where Γ is a decay width of a given particle. In our case the inflaton can dominate the Universe at the freeze out scale, which increases the value of the Hubble parameter for given temperature. For more details on this issue see Refs [46] [47] [48] . The same apply to e.g. leptogenesis. This issue was discussed in [49] , where authors show that having a kinaton domination era may significantly decrease the scale of leptogenesis.
Conclusions
In this paper we present a concrete model of a hill-climbing dark inflation with kinaton domination phase. Unlike in the most scalar-tensor theories, the non-minimal coupling to the gravity increases the strength of the gravitational interaction, leading to the inflation and uphill evolution of the Jordan-frame field. In Sec. 2 we have discussed the background evolution of the inflaton. We have proven that the Einstein-frame potential has an inflationary plateau and that inflation can be obtained even for kinetic initial conditions. We have also shown that the lowest scale of inflation should be obtained if mass scales in the Jordan frame potential, M V , and in the function of non-minimal coupling to gravity, M F , are equal to each other.
In Sec. 3 we have demonstrated that the gravitational reheating can successfully be implemented in our model. Even if the inflaton is decoupled from any other fields, one can produce gravitationally sufficient amount of the relativistic particles at the end of inflation in order to satisfy the BBN constrains on radiation domination at the MeV scale. Here a small amount of radiation eventually dominates the Universe due to the kinetic term domination after inflation.
In Sec. 4 we present the analysis of primordial inhomogeneities generated during inflation. We have shown that our model is in general consistent with the data. The results weakly depend on M F and strongly on the ratio M F /M V . We have also shown that the dark inflation from our model may be responsible for enhancing the primordial gravitational waves, which could be measured by BBO/DECIGO experiments. Such an enhancement remains consistent with the BBN upper bound of the scale of inflation. Nevertheless it requires certain fine-tuning. Produced scalars should have a non-minimal coupling to gravity, which deviates from the conformal factor at the level of 1%.
where n and p are some natural numbers. For n = p = 1 with λΛ 2 = m 2 /2, one restores Eq. (2.2). Alike in the model from Eq. (2.2) we want to secure the constant value of the Einstein frame potential in the small field limit. Indeed, for φ J M V , M F one finds F ∝ φ n J , which gives V E = V J /F 2 ∝ φ 2n J /(φ n J ) 2 ∼ const. More detailed calculations show that in the small field limit one finds
The Einstein frame field in the small field limit is defined by
In order to compare this generalization with the original model from Eq. (2.2) let us assume that p = n. Then, in the M V = M F one finds
This result clearly restores (2.12) int he n = 1 limit. Again, one requires M F > M V in order to secure the growth of φ J . In the simplest case of M F = M V and n = p Eq. (A.2) simplifies to 5) which fully restores Eq. (2.13). Thus, the M V → M F limit appears to be a common solution for all of the values of n.
B Generalization 2
Another possible generalization of the model is
(B.1)
The n = 1 case corresponds to the model in the main text with λΛ 2 = m 2 /2. The fundamental difference with the (A.1) is that for even n one finds F ≥ 0 for all φ J and therefore one avoids the repulsive gravity regime in the theory. In the small field regime one finds
which reconstructs the result of Eq. (2.8) . In order to obtain a field going up-hill one requires
(B.3)
Again, the result is almost identical with Eq. (2.12). The significant difference comparing to the original model and to the first generalization is the form of the Einstein frame potential in the M F → M V limit. In the case of Eq. (B.1) one obtains 
